$a({\rm mod} \ p)$の剰余位数の分布について, II (解析的整数論の新しい展開) by 知念, 宏司 & 村田, 玲音
Title$a({\rm mod} \ p)$の剰余位数の分布について, II (解析的整数論の新しい展開)
Author(s)知念, 宏司; 村田, 玲音









Department of Mathematics, Faculty of Engineering,
Osalca Institute of Technology.
(Leo Murata)
DePartment of Mathematics, Faculty of Economics,
Meijigakuin University.
1
. $a(a\neq 1)$ , $p$ , $p\{a$
. $D_{a}(p)$ $a$ $\mathrm{m}\mathrm{o}\mathrm{d} p$ , $\mathrm{Z}/p\mathrm{Z}^{\mathrm{x}}$ $a$
$\langle a\rangle$ , $I_{a}(p):=|\mathrm{Z}/p\mathrm{Z}^{\mathrm{x}}$ : $\langle a\rangle|$ ( $a$ $\mathrm{m}\mathrm{o}\mathrm{d} p$ ) .
:
1J
$Q_{a}(x;k, l):=\{p\leq x ; D_{a}(p)\equiv l(\mathrm{m}\mathrm{o}\mathrm{d} k)\}$ $(0\leq l<k)$




[1], [2], [3] . ,
[1] (p.255) , , [2, p.2]
.
, [1] , $k=4$ , :
L2 $a$ square free, $a>2$ .
(i) $l=0,2$
$\# Q_{a}(x;4, l)=\frac{1}{3}1\mathrm{i}x+O(\frac{x}{\log x1\mathrm{o}\mathrm{g}\log x})$ $(xarrow\infty)$ .
(ii) $a\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ . $l=1,3$ , GRH ( Riemann )
,
$\# Q_{a}(x;4, l)=\frac{1}{6}1\mathrm{i}x+O(\frac{x}{\log x1\mathrm{o}\mathrm{g}\log x})$ $(xarrow\infty)$ .
, 2 , :
(1) $k=4$ , $a$ , . , $l=1,3$




(2) $k\ovalbox{\tt\small REJECT} q^{\ovalbox{\tt\small REJECT}}(q_{\ovalbox{\tt\small REJECT}}$ , $i\ovalbox{\tt\small REJECT} \mathfrak{y}$ , $\Delta_{a}(q^{\ovalbox{\tt\small REJECT}}, j)(1\ovalbox{\tt\small REJECT} j<\ovalbox{\tt\small REJECT})$ ,
, $q|j$ , $\Delta_{a}(q^{\ovalbox{\tt\small REJECT}}, \mathrm{y})$ .
,, (1), (2) , GRH .
(1) [2] , (2)
, (1) [1] , \S 3 .
:
L3 $a(\geq 2)$ $b$ $(b\geq 2),$ $q$ : , $i\geq 1$ .
GRH , $1\leq j<q^{i}$
$Q_{a}(x;q^{i}, j)= \triangle_{a}(q^{i},j)1\mathrm{i}x+O(\frac{x}{\log x1\mathrm{o}\mathrm{g}\log x})$ $(xarrow\infty)$
$\triangle_{a}(q^{i}, j)$ , $q|j$ ,
$\triangle_{a}(q^{i}, j)=\frac{1}{q^{i-2}(q^{2}-1)}$ (1.1)
.
. (1.1) $j=0$ , unconditional
(c$f$ . 26).
, \S 2 13 . \S 3 $\triangle_{a}(4, l)$
, \S 4 , .
, . $k$ , $\zeta_{k}$ 1 $k$ , $\varphi(k)$ $\mu(k)$
Euler M\"obius . $q$ $q^{e}$ , $q^{e}||k$
$q^{e}|k$ $q^{e+1}\{k$ .
2 1.3
, $\triangle_{a}(q^{i}, j)$ . , $j=hq^{e}(q \dagger h, 0\leq e\leq i-1)$
.
, D , $D_{a}(p)I_{a}(p)=p-1$
, $I_{a}$ . $I_{a}$ , $p$
, :
2. 1
$Q_{a}(x;q^{i},j)=\cup\cup f\geq e1\leq r<q^{i}\{$
$p\leq x;p\equiv 1+rq^{f}(\mathrm{m}\mathrm{o}\mathrm{d} q^{f+i})$ ,
$I_{a}(p)\equiv\{(r\overline{h})\mathrm{m}\mathrm{o}\mathrm{d} q^{i-e}\}\cdot q^{f-e}(\mathrm{m}\mathrm{o}\mathrm{d} q^{f+i-2e})\}$ ,
$(q,r)=1$
, $h\overline{h}\equiv 1$ (mod $q^{i-e}$ ), , disjoint .
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sieve method , . $I_{a}(p)$ ,
:
$\# Q_{a}(x;q^{:},j)$
$= \sum_{1\leq \mathrm{r}<q^{:}}\sum_{J\geq e}\sum_{l\geq 0}\#\{$
$p\equiv 1+rq^{f}(\mathrm{m}\mathrm{o}\mathrm{d} q^{f+:})$ ,
$p\leq x;I_{a}(p)=\{(r\overline{h})\mathrm{m}\mathrm{o}\mathrm{d} q^{:-e}+l\cdot q^{i-e}\}\cdot q^{f-e}\}$ . (2.1)
$(q,t)=1$
, $\{p\leq x;I_{a}(p)=m, p\equiv s(\mathrm{m}\mathrm{o}\mathrm{d} t)\}$ ($m,$ $s,$ $t$ : )
. $\{p\leq x;I_{a}(p)=m\}$ Murata [5] . 1
$p\equiv s(\mathrm{m}\mathrm{o}\mathrm{d} t)$ , Chebotarev (c$f$ . Lagarias-Odlyzko [4])
, , ( , [1, \S 4] )
22( ) $a\geq 2,$ $a$ $b$ $(b\geq 2)$ , GRH
,












$G_{k,n,d}=\mathrm{Q}(a^{1/kn}, \zeta_{kd}, \zeta_{n})$ , $\tilde{G}_{k,n,d}=G_{k,n,d}(\zeta_{q}f+2)$ .
$c_{r}(k, n, d)\}$ , $\sigma_{f}\in \mathrm{G}\mathrm{a}1(\mathrm{Q}(\zeta_{q}f+2)/\mathrm{Q})$ $\sigma_{f}$ : $\zeta_{q^{f+2}}\vdash\#\zeta_{q^{f+2}}^{1+\mathrm{r}q^{f}}$





. (1) , (2.2) 1
. (2.2) ,
: (2.2) $k_{0}/\varphi(k_{0})$ , (2.1)
0 , (2.1) disjoint ,
(2.2) , ( 1) . (2.2)
, ( $n$ $l$ 1 )
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, . , $n$
.
(2) $\sigma_{r}^{*}$ , 1 .
, $\triangle_{a}(q^{i}, j)$ . , (2.2) , $[\tilde{G}_{k,n,d} : \mathrm{Q}]$
$c_{r}(k, n, d)$ , . $[\tilde{G}_{k,n,d} : \mathrm{Q}]$ ,
2.3
$[\tilde{G}_{k,n,d} : \mathrm{Q}]=\{$
$kn\cdot\varphi(\langle kd, n, q^{f+i}\rangle)$ ,
$\frac{1}{2}kn\cdot\varphi(\langle kd, n, q^{f+i}\rangle)$ ,
, $\langle a, b, c\rangle$ , $a,$ $b,$ $c$ . 2 , $kn$ ,
, $[egg2]$ , :
$\ldots$ $a_{1}\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 4),$ $a_{1}|\langle kd, n, q^{f+i}\rangle$ ,
$\ldots$ $a_{1}\equiv 2(\mathrm{m}\mathrm{o}\mathrm{d} 4),$ $4a_{1}|\langle kd, n, q^{f+i}\rangle$ ,
$\ldots$ $a_{1}\equiv 3(\mathrm{m}\mathrm{o}\mathrm{d} 4),$ $4a_{1}|\langle kd, n, q^{f+i}\rangle$ .
$c_{r}(k, n, d)$ . .
Galois , :
2.4 $K$ : , $L,$ $M:K$ , $L/M$ Galois .




, $\mathrm{G}\mathrm{a}1(ML/M)$ Gal(L/K) .
(II) 3
(i) Gal(ML/M)\cong Gal(L/K),
(ii) $[ML : M]=[L : K]$ ,
(iii) $K=M\cap L$ .
$M=G_{k,n,d},$ $L=\mathrm{Q}(\zeta_{q^{f+}}.\cdot)$ , $ML=\tilde{G}_{k,n,d}$ .
$K=G_{k,n,d}\cap \mathrm{Q}(\zeta_{q}J+i)$ , $\sigma_{r}$ $K$ .
\sigma r|K=j , $\sigma_{r}\in \mathrm{G}\mathrm{a}1(\mathrm{Q}(\zeta_{q^{f+i}})/K)$ , 2.4 $\tau|_{\mathrm{Q}(\zeta_{q^{f+:}})}=\sigma_{r}$ $\tau\in$
$\mathrm{G}\mathrm{a}1(\tilde{G}_{k,n,d}/G_{k,n,d})$ . $\sigma_{r}^{*}$ , $c_{r}(k, n, d)=1$ . , $\sigma_{r}|_{K}\neq \mathrm{i}\mathrm{d}$ .
, $\sigma_{r}\not\in \mathrm{G}\mathrm{a}1(\mathrm{Q}(\zeta_{q^{f+}}.\cdot)/K)$ , $\mathrm{G}\mathrm{a}1(\tilde{G}_{k,n,d}/G_{k,n,d})\cong \mathrm{G}\mathrm{a}1(\mathrm{Q}(\zeta_{q^{f+:}})/K)$
, $\tau|_{\mathrm{Q}(\zeta_{q^{f+:}})}=\sigma_{r}$ $\tau\in \mathrm{G}\mathrm{a}1(\tilde{G}_{k,n,d}/G_{k,n,d})$ I , $c_{f}(k, n, d)=0$
.
$c_{f}(k, n, d)$ .
, :
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2.5 $e\geq 1$ , $r,$ $k,$ $n,$ $d$ [ , $(k, n, d)=1$ .
, $e\geq 1$ , $\triangle_{a}(q^{i}, hq^{e})$ $h$ [ ,
. , $q|j,$ $j\neq 0$ $\triangle_{a}(q^{:}, j)$ . [ ,
:
26 $a\in \mathrm{N},$ $a\geq 2$ , $a$ $b$ $(b\geq 2)$ . $q$ : , $i\geq 1$
$U)\text{ }$ ,
$\triangle_{a}(q^{:}, 0)=\frac{1}{q^{\dot{l}-2}(q^{2}-1)}$ .
. [1, \S 3] ( unconditional ).
, $i\geq 1,$ $m\geq i+1$
$\triangle_{a}(q^{:}, 0)-\triangle_{a}(q^{:+1},0)=1\leq j\leq.\cdot q^{m}-1\sum_{q||j}\triangle_{a}(q^{m},j)$
L3 .
3 $\triangle_{a}(4, l)$
, $\triangle_{a}(4, l)$ , [1] .
$l=1,3$ . [1] , $a$ ,
:
3.1 $a\in \mathrm{N},$ $a\geq 2$ , $a$ $b$ $(b\geq 2)$ . $a=a_{1}a_{2}^{2}(a_{1}$ :
square free) . GRH ,
$\# Q_{a}(x;4, l)=\triangle_{a}(4, l)1\mathrm{i}x+O(\frac{x}{\log x1\mathrm{o}\mathrm{g}\log x})$ $(xarrow\infty)$
$\triangle_{a}(4, l)(l=1,3)$ :
(I) $a_{1}\equiv 1,3(\mathrm{m}\mathrm{o}\mathrm{d} 4)$
$\triangle_{a}(4,1)=\triangle_{a}(4,3)=\frac{1}{6}$ .
(II) $a_{1}\equiv 2\langle \mathrm{m}\mathrm{o}\mathrm{d} 4$ ) , $C$ :
$C:=p \equiv 3(\mathrm{m}\mathrm{o}\mathrm{d}p:\mathrm{p}\mathrm{r}\mathrm{i}\mathrm{m}\epsilon\prod_{4)}(1-\frac{2p}{(p^{2}+1)(p-1)})$
$(\approx 0.64365)$ .
(i) $a_{1}=2\sigma)\text{ }$ ,
$\triangle_{a}(4,1)=\frac{7}{48}-\frac{C}{8}$ , $\triangle_{a}(4,3)=\frac{7}{48}+\frac{C}{8}$ .
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(ii) $a_{1}>2$ , $a_{1}=2a_{1}’$ ( $a_{1}’$ : odd) , $a_{1}’$ 1 $p$
$p\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 4)$
$\triangle_{a}(4,1)=\triangle_{a}(4,3)=\frac{1}{6}$





$\triangle_{a}(4,1)$ G }$f$ , $a_{1}’\equiv 3(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ $+,$ $a_{1}’\equiv 1$ (mod4) -,
$\triangle_{a}(4,3)$ .
, $\triangle_{a}(4,1)\leq\triangle_{a}(4,3)$ . , $\triangle_{a}(4,0)$ ,
$\triangle_{a}(4,2)$ unconditional , .
,
$a_{1}=2$ $\Rightarrow$ $\triangle_{a}(4,0)=\frac{5}{12}$ $\triangle_{a}(4,2)=\frac{7}{24}$
$a_{1}\neq 2$ $\Rightarrow$ $\triangle_{a}(4,0)=\triangle_{a}(4,2)=\frac{1}{3}$ .
[2], [6] .
4
$a(a\neq 1)$ , $k,$ $l\in \mathrm{Z},$ $0\leq l<k$ . $Q_{a}(x;k, l)$ ,
$\# Q_{a}(x;k, l)/\pi(x)$ . $x$ $10^{3}$ 2 $\cdot 10^{7}$ . $a=2,3,5,15$
, $k=9,27,25$ . $k$ $q^{i}$
$(\triangle_{a}(4, l)$ [2] ,
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